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Motivation

Measuring directed information transmission in
neural recordings allows us to:

� characterise neural computation in terms of
information storage, transfer and modification
(Wibral et al., 2015);

� detect information flows in space and time
(Wibral et al., 2014a);

� investigate why critical dynamics are
computationally important (Barnett et al., 2013;

Boedecker et al., 2012; Priesemann et al., 2015);

� infer effective information networks (Lizier

et al., 2011; Vicente et al., 2011; Wibral et al.,

2011) – see e.g. TRENTOOL (Lindner et al.,

2011).
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Motivation

� Transfer entropy is the tool of choice for measuring directed
information transmission in neural recordings.

� It has been used across all modalities, and for multiple
purposes
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Motivation

� Transfer entropy is the tool of choice for measuring directed
information transmission in neural recordings.

� It has been used across all modalities, and for multiple
purposes

� Yet precise method of application to spike trains remains
unclear:

� With time-binning, how to set bin sizes / history length
appropriately, capturing all relationships and avoiding
undersampling?

� Can we remain in continuous time, and is this more accurate?
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Outline

1 Transfer entropy

2 Continuous-time TE

3 Transfer entropy in spike trains

4 TE examples for spike trains

5 TE estimator for spike trains

6 Summary
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Information dynamics

Key question: how is the next state of a variable in a complex
system computed?

Q: Where does the
information in xn+1 come
from, and how can we
measure it?

Q: How much was stored,
how much was transferred,
can we partition them or do
they overlap?

Complex system as a multivariate time-series
of states
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Information dynamics

Studies computation of the next state of a target variable in terms
of information storage, transfer and modification: (Lizier et al.,

2008, 2010, 2012)

The measures examine:

� State updates of a
target variable;

� Dynamics of the
measures in space
and time.
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Active information storage (Lizier et al., 2012)

How much information about the next observation Xn+1 of process

X can be found in its past state X
(k)
n = {Xn−k+1 . . .Xn−1,Xn}?

Active information storage:

A
(k)
X = I (Xn+1;X

(k)
n )

=
�
log2

p(xn+1|x(k)n )
p(xn+1)

�

Average information from past state that
is in use in predicting the next value.

http://jlizier.github.io/jidt
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Information transfer

How much information about the state transition X
(k)
n → Xn+1 of

X can be found in the past state Y
(l)
n of a source process Y ?

Transfer entropy: (Schreiber, 2000)

T
(k,l)
Y→X = I (Y

(l)
n ;Xn+1 | X(k)

n )

=
�
log2

p(xn+1|x(k)n ,y(l)n ))

p(xn+1|x(k)n ))

�

Average info from source that helps predict
next value in context of past.

http://jlizier.github.io/jidt
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Information transfer

How much information about the state transition X
(k)
n → Xn+1 of

X can be found in the past state Y
(l)
n of a source process Y ?

Transfer entropy: (Schreiber, 2000)

T
(k,l)
Y→X = I (Y

(l)
n ;Xn+1 | X(k)

n )

=
�
log2

p(xn+1|x(k)n ,y(l)n ))

p(xn+1|x(k)n ))

�

Average info from source that helps predict
next value in context of past.

Storage and transfer are complementary:
HX = AX + TY→X+ higher order termshttp://jlizier.github.io/jidt
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Information transfer

How much information about the state transition X
(k)
n → Xn+1 of

X can be found in the past state Y
(l)
n of a source process Y ?

Transfer entropy: (Schreiber, 2000)

T
(k,l)
Y→X = I (Y

(l)
n ;Xn+1 | X(k)

n )

=
�
log2

p(xn+1|x(k)n ,y(l)n ))

p(xn+1|x(k)n ))

�

Average info from source that helps predict
next value in context of past.

Local transfer entropy: (Lizier et al., 2008)

t
(k,l)
Y→X = i(y

(l)
n ; xn+1 | x(k)n )

= log2
p(xn+1|x(k)n ,y(l)n )

p(xn+1|x(k)n )

Storage and transfer are complementary:
HX = AX + TY→X+ higher order termshttp://jlizier.github.io/jidt
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Information dynamics in CAs
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time

cells

Domains and blinkers
are the dominant
information storage
entities.

Gliders are the
dominant information
transfer entities.

(Lizier et al., 2014).
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TE in computational neuroscience

Measuring directed information transmission using
transfer entropy in neural recordings allows us to
(Wibral et al., 2014a):

� characterise neural computation in terms of
information storage, transfer and modification
(Wibral et al., 2015);

� detect information flows in space and time
(Wibral et al., 2014a);

� investigate why critical dynamics are
computationally important (Barnett et al., 2013;
Boedecker et al., 2012; Priesemann et al., 2015);

� infer effective information networks (Lizier et al.,
2011; Vicente et al., 2011; Wibral et al., 2011).
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TE applied to spike trains

TE has been applied to spike trains, by time-binning to create a
binary time series.
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TE applied to spike trains

TE has been applied to spike trains, by time-binning to create a
binary time series.

For example by:

� Ito et al. (2011), over multiple delays for effective network
inference. See also Timme et al. (2014, 2016).

� Priesemann et al. (2015), to investigate relationship to
criticality.
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TE applied to spike trains

But: how do we choose bin size and history, to capture full
subtleties of relationship, but avoid undersampling?
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TE applied to spike trains

But: how do we choose bin size and history, to capture full
subtleties of relationship, but avoid undersampling?

1 Bin for max entropy – but this puts multiple spikes in one bin,
misses timing subtleties.
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TE applied to spike trains

But: how do we choose bin size and history, to capture full
subtleties of relationship, but avoid undersampling?

1 Bin for max entropy – but this puts multiple spikes in one bin,
misses timing subtleties.

2 Aim for one spike / bin – Ito et al. (2011) found performance
increase with small bin sizes. But scale of bins becomes much
smaller than relevant history period → k ⇑.
→ You either sample well but miss a lot of relevant history OR

catch much history and undersample. (Think: criticality!)
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TE applied to spike trains

Conjecture: if we can stay in continuous time, we will more
compactly represent spike-time histories:

� Should be a more data-efficient approach;

� Promises greater accuracy than time-binning ...

J.T. Lizier TE in spike trains December 2016



Outline TE Cont’-time Spike trains Examples Estimator Close 15

Step 1: Rethink TE definition (discrete-time)

As a Radon-Nikodym derivative between two measures on (target)
random variable xn:

T
(k,l)
y→x

��n
n−1

= EP

�
ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

�

=

�

Ω
ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

(ω)dP(ω).
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Step 1: Rethink TE definition (discrete-time)

As a Radon-Nikodym derivative between two measures on (target)
random variable xn:

T
(k,l)
y→x

��n
n−1

= EP

�
ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

�

=

�

Ω
ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

(ω)dP(ω).

Extend local TE definition also:

T (k,l)
y→x (x

n
n−k , y

n−1
n−l ) = ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )
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Step 1: Rethink TE definition (discrete-time)

T
(k,l)
y→x

��n
n−1

= EP

�
ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

�
(1)

T (k,l)
y→x (x

n
n−k , y

n−1
n−l ) = ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

(2)

(3)

1 dP becomes probabilities and probability densities for discrete
and continuous variables respectively.

Average TE

Local TE
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Step 1: Rethink TE definition (discrete-time)

T
(k,l)
y→x

��n
n−1

= EP

�
ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

�
(1)

T (k,l)
y→x (x

n
n−k , y

n−1
n−l ) = ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

(2)

T (k,l)
y→x (x

n+m
n−k , yn+m−1

n−l ) =
m�

i=0

T (k,l)
y→x (x

n+i
n−k+i , y

n+i−1
n−l+i ). (3)

1 dP becomes probabilities and probability densities for discrete
and continuous variables respectively.

2 Local is associated with one realisation;
� can generalise to longer intervals.

Average TE

Local TE

(Local)
Integrated TE
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Step 1: Rethink TE definition (discrete-time)

T
(k,l)
y→x

��n
n−1

= EP

�
ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

�
(1)

T (k,l)
y→x (x

n
n−k , y

n−1
n−l ) = ln

dPn(xn|xn−1
n−k , y

n−1
n−l )

dPn(xn|xn−1
n−k )

(2)

T (k,l)
y→x (x

n+m
n−k , yn+m−1

n−l ) =
m�

i=0

T (k,l)
y→x (x

n+i
n−k+i , y

n+i−1
n−l+i ). (3)

1 dP becomes probabilities and probability densities for discrete
and continuous variables respectively.

2 Local is associated with one realisation;
� can generalise to longer intervals.

3 Stationary processes: empirically we measure the rate

T
(k,l)
y→x

��n
n−1

= T (k,l)
y→x (x

n+m
n−k , yn+m−1

n−l )/(m + 1).

Average TE

Local TE

(Local)
Integrated TE

Average TE rate
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Step 2: Continuous-time TE – TE rate

TE naturally extends to consider rates and paths in
continuous-time:

� paths: x tt0 = {x(t �,ω) : t0 ≤ t � < t} and xt = x(t,ω), where
t � ∈ T ⊆ R.

J.T. Lizier TE in spike trains December 2016
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Step 2: Continuous-time TE – TE rate

TE naturally extends to consider rates and paths in
continuous-time:

� paths: x tt0 = {x(t �,ω) : t0 ≤ t � < t} and xt = x(t,ω), where
t � ∈ T ⊆ R.

a. Transfer entropy rate:

Ṫ (s,r)
y→x(t) = lim

dt→0

1

dt
EP

�
ln

dPt+dt [xt+dt |x tt−s , y
t
t−r ]

dPt+dt [xt+dt |x tt−s ]

�

= lim
dt→0

1

dt

�

Ω

ln
dPt+dt [xt+dt |x tt−s , y

t
t−r ]

dPt+dt [xt+dt |x tt−s ]
(ω)dP(ω).
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Step 2: Continuous-time TE – TE rate

TE naturally extends to consider rates and paths in
continuous-time:

� paths: x tt0 = {x(t �,ω) : t0 ≤ t � < t} and xt = x(t,ω), where
t � ∈ T ⊆ R.

a. Transfer entropy rate:

Ṫ (s,r)
y→x(t) = lim

dt→0

1

dt
EP

�
ln

dPt+dt [xt+dt |x tt−s , y
t
t−r ]

dPt+dt [xt+dt |x tt−s ]

�

= lim
dt→0

1

dt

�

Ω

ln
dPt+dt [xt+dt |x tt−s , y

t
t−r ]

dPt+dt [xt+dt |x tt−s ]
(ω)dP(ω).

� We have conditional measures on previous path functions

� (s, r) ∈ R, s ≥ 0, r ≥ 0 play role of k and l

� dt and limit introduced
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Step 2: Continuous-time TE – pathwise TE

b. Pathwise transfer entropy:
We characterise the information transfer over a finite-time as the
integrated or pathwise quantity:

T (s,r)
y→x [x

t
t0−s , y

t
t0−r ] = ln

dP(s,r)
X |{Y }[x

t
t0 |x

t0
t0−s , {y t

t0−r}]
dP(s)

X [x tt0 |x t0t0−s ]
.

J.T. Lizier TE in spike trains December 2016
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Step 2: Continuous-time TE – pathwise TE

b. Pathwise transfer entropy:
We characterise the information transfer over a finite-time as the
integrated or pathwise quantity:

T (s,r)
y→x [x

t
t0−s , y

t
t0−r ] = ln

dP(s,r)
X |{Y }[x

t
t0 |x

t0
t0−s , {y t

t0−r}]
dP(s)

X [x tt0 |x t0t0−s ]
.

� dP(s,r)
X |{Y}[x

t
t0 |x

t0
t0−s , {y t

t0−r}] is not (always) equivalent to a

conditional probability; it is a product of conditionals on y t�
t�−r at

each t �
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Step 2: Continuous-time TE – pathwise TE

b. Pathwise transfer entropy:
We characterise the information transfer over a finite-time as the
integrated or pathwise quantity:

T (s,r)
y→x [x

t
t0−s , y

t
t0−r ] = ln

dP(s,r)
X |{Y }[x

t
t0 |x

t0
t0−s , {y t

t0−r}]
dP(s)

X [x tt0 |x t0t0−s ]
.

� dP(s,r)
X |{Y}[x

t
t0 |x

t0
t0−s , {y t

t0−r}] is not (always) equivalent to a

conditional probability; it is a product of conditionals on y t�
t�−r at

each t �

� TE as a log-likelihood for discrete-time (Barnett and Bossomaier,
2012) is a special case of this formalism.
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Step 2: Continuous-time TE – pathwise TE

b. Pathwise transfer entropy:
We characterise the information transfer over a finite-time as the
integrated or pathwise quantity:

T (s,r)
y→x [x

t
t0−s , y

t
t0−r ] = ln

dP(s,r)
X |{Y }[x

t
t0 |x

t0
t0−s , {y t

t0−r}]
dP(s)

X [x tt0 |x t0t0−s ]
.

� dP(s,r)
X |{Y}[x

t
t0 |x

t0
t0−s , {y t

t0−r}] is not (always) equivalent to a

conditional probability; it is a product of conditionals on y t�
t�−r at

each t �

� TE as a log-likelihood for discrete-time (Barnett and Bossomaier,
2012) is a special case of this formalism.

� This is local for one configuration / path realisation
[x tt0 |x

t0
t0−s , {y t

t0−r}].
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Continuous-time TE – putting it together

The measures are defined to satisfy:

T
(s,r)
y→x

��t
t0
=

� t

t0

Ṫ
(s,r)
y→x (t

�)dt � = EP

�
T (s,r)
y→x [x

t
t0−s , y

t
t0−r ]

�
.

i.e. total TE T
(s,r)
y→x

��t
t0
accumulated on the interval [t0, t) is:
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Continuous-time TE – putting it together

The measures are defined to satisfy:

T
(s,r)
y→x

��t
t0
=

� t

t0

Ṫ
(s,r)
y→x (t

�)dt � = EP

�
T (s,r)
y→x [x

t
t0−s , y

t
t0−r ]

�
.

i.e. total TE T
(s,r)
y→x

��t
t0
accumulated on the interval [t0, t) is:

� the ensemble average (over all paths) of the pathwise TE

T (s,r)
y→x [x

t
t0−s , y

t
t0−r ] = ln

dP(s,r)
X |{Y }[x

t
t0 |x

t0
t0−s , {y tt0−r}]

dP(s)
X [x tt0 |x

t0
t0−s ]

.
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Continuous-time TE – putting it together

The measures are defined to satisfy:

T
(s,r)
y→x

��t
t0
=

� t

t0

Ṫ
(s,r)
y→x (t

�)dt � = EP

�
T (s,r)
y→x [x

t
t0−s , y

t
t0−r ]

�
.

i.e. total TE T
(s,r)
y→x

��t
t0
accumulated on the interval [t0, t) is:

� the ensemble average (over all paths) of the pathwise TE

T (s,r)
y→x [x

t
t0−s , y

t
t0−r ] = ln

dP(s,r)
X |{Y }[x

t
t0 |x

t0
t0−s , {y tt0−r}]

dP(s)
X [x tt0 |x

t0
t0−s ]

.

� or transfer entropy rate integrated over path length.

Ṫ
(s,r)
y→x (t) = lim

dt→0

1

dt
EP

�
ln

dPt+dt [xt+dt |x tt−s , y
t
t−r ]

dPt+dt [xt+dt |x tt−s ]

�
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Continuous-time TE – putting it together

The measures are defined to satisfy:

T
(s,r)
y→x

��t
t0
=

� t

t0

Ṫ
(s,r)
y→x (t

�)dt � = EP

�
T (s,r)
y→x [x

t
t0−s , y

t
t0−r ]

�
.

→ Dual-definition of transfer entropy rate, valid for stationary
processes:

Ṫ
(s,r)
y→x =

1

(t − t0)
EP


ln

dP(s,r)
X |{Y }[x

t
t0 |x

t0
t0−s , {y tt0−r}]

dP(s)
X [x tt0 |x

t0
t0−s ]


 .
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Continuous-time TE – local rate?

Does a local transfer entropy rate exist?

Ṫ (s,r)
y→x (t) = lim

dt→0

1

dt
ln

dPt+dt [xt+dt |x tt−s , y
t
t−r ]

dPt+dt [xt+dt |x tt−s ]
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Continuous-time TE – local rate?

Does a local transfer entropy rate exist?

Ṫ (s,r)
y→x (t) = lim

dt→0

1

dt
ln

dPt+dt [xt+dt |x tt−s , y
t
t−r ]

dPt+dt [xt+dt |x tt−s ]

No, this can not be guaranteed. (see later examples)
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Continuous-time TE – alignment with time-discretisation

Where such limits exist:

T (s,r)
y→x

��t
t0
= lim

Δt→0
EP




t/Δt�

i=t0/Δt+1

ln
dPiΔt(xiΔt |x (i−1)Δt

(i−k)Δt , y
(i−1)Δt
(i−l)Δt )

dPiΔt(xiΔt |x (i−1)Δt
(i−k)Δt )




= lim
Δt→0

t/Δt�

i=t0/Δt+1

T (k,l)
y→x

��iΔt

(i−1)Δt
, k =

� s

Δt

�
+ 1, l =

� r

Δt

�
+ 1
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Continuous-time TE – alignment with time-discretisation

Where such limits exist:

T (s,r)
y→x

��t
t0
= lim

Δt→0
EP




t/Δt�

i=t0/Δt+1

ln
dPiΔt(xiΔt |x (i−1)Δt

(i−k)Δt , y
(i−1)Δt
(i−l)Δt )

dPiΔt(xiΔt |x (i−1)Δt
(i−k)Δt )




= lim
Δt→0

t/Δt�

i=t0/Δt+1

T (k,l)
y→x

��iΔt

(i−1)Δt
, k =

� s

Δt

�
+ 1, l =

� r

Δt

�
+ 1

Ṫ (s,r)
y→x(t) = lim

Δt→0

1

Δt
T (k,l)

y→x

��t
t−Δt

,

→ Leading 1
Δt term has been overlooked in previous work.
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Continuous-time TE – alignment with time-discretisation

Where such limits exist:

T (s,r)
y→x

��t
t0
= lim

Δt→0
EP




t/Δt�

i=t0/Δt+1

ln
dPiΔt(xiΔt |x (i−1)Δt

(i−k)Δt , y
(i−1)Δt
(i−l)Δt )

dPiΔt(xiΔt |x (i−1)Δt
(i−k)Δt )




= lim
Δt→0

t/Δt�

i=t0/Δt+1

T (k,l)
y→x

��iΔt

(i−1)Δt
, k =

� s

Δt

�
+ 1, l =

� r

Δt

�
+ 1

Ṫ (s,r)
y→x(t) = lim

Δt→0

1

Δt
T (k,l)

y→x

��t
t−Δt

,

And for stationary and ergodic processes:

Ṫ
(s,r)
y→x = lim

Δt→0
(t−t0)→∞

1

(t − t0)
T (k,l)
y→x (x

t/Δt
t0/Δt−k , y

t/Δt−1
t0/Δt−l)

→ Leading 1
Δt term has been overlooked in previous work.
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Continuous-time TE – alignment with time-discretisation

Leading 1
Δt term has been overlooked in previous work:

Ṫ
(s,r)
y→x (t) = lim

Δt→0

1

Δt
T

(k,l)
y→x

��t
t−Δt

.

� Where a limiting rate exists, appropriateness of Δt requires

T
(k,l)
y→x

��t
t−Δt

to scale with Δt

� We know a limiting rate exists for coupled Wiener processes
where Granger causality scales with Δt as Δt → 0 (Barnett

and Seth, 2016; Zhou et al., 2014)
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Continuous-time TE – alignment with time-discretisation

Leading 1
Δt term has been overlooked in previous work:

Ṫ
(s,r)
y→x (t) = lim

Δt→0

1

Δt
T

(k,l)
y→x

��t
t−Δt

.

� Where a limiting rate exists, appropriateness of Δt requires

T
(k,l)
y→x

��t
t−Δt

to scale with Δt

� We know a limiting rate exists for coupled Wiener processes
where Granger causality scales with Δt as Δt → 0 (Barnett

and Seth, 2016; Zhou et al., 2014)

Empirically – number of bins for a path history length diverges as
Δt → 0 – are there continuous-time processes which can be
addressed?
J.T. Lizier TE in spike trains December 2016



Outline TE Cont’-time Spike trains Examples Estimator Close 24

TE in spike trains

Construct path probability densities of an observed spiking process
(path) x tt0 , with Nx spikes at times ti , i = 1 . . .Nx , in terms of
spike rates λx [x

ta
tb ] (history-dependent on x tatb ):
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TE in spike trains

Construct path probability densities of an observed spiking process
(path) x tt0 , with Nx spikes at times ti , i = 1 . . .Nx , in terms of
spike rates λx [x

ta
tb ] (history-dependent on x tatb ):

p[xtt0
|xt0t0−s ] = lim

dt→0





Nx�

i=1

λx [x
ti
ti−s ]dt




(ti−ti−1)

dt�

j=0

(1 − λx [x
ti−1+jdt

ti−1+jdt−s
]dt)








×

(t−tNx
)

dt�

j=0

(1 − λx [x
tNx

+jdt

tNx
+jdt−s

]dt)
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TE in spike trains

Construct path probability densities of an observed spiking process
(path) x tt0 , with Nx spikes at times ti , i = 1 . . .Nx , in terms of
spike rates λx [x

ta
tb ] (history-dependent on x tatb ):

p[xtt0
|xt0t0−s ] = lim

dt→0





Nx�

i=1

λx [x
ti
ti−s ]dt




(ti−ti−1)

dt�

j=0

(1 − λx [x
ti−1+jdt

ti−1+jdt−s
]dt)








×

(t−tNx
)

dt�

j=0

(1 − λx [x
tNx

+jdt

tNx
+jdt−s

]dt)

spike i
No spikes
between i − 1
and i

No spikes
after tNx
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TE in spike trains

Construct path probability densities of an observed spiking process
(path) x tt0 , with Nx spikes at times ti , i = 1 . . .Nx , in terms of
spike rates λx [x

ta
tb ] (history-dependent on x tatb ):

p[xtt0
|xt0t0−s ] = lim

dt→0





Nx�

i=1

λx [x
ti
ti−s ]dt




(ti−ti−1)

dt�

j=0

(1 − λx [x
ti−1+jdt

ti−1+jdt−s
]dt)








×

(t−tNx
)

dt�

j=0

(1 − λx [x
tNx

+jdt

tNx
+jdt−s

]dt)

=

Nx�

i=1

λx [x
ti
ti−s ]dt exp

�
−

� tf

t0

λx [x
t
t−s ]dt

�
+ O(dt2).

spike i
No spikes
between i − 1
and i

No spikes
after tNx

Use of Taylor expansion

e−λx dt = 1 − λx dt
to first order in dt
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TE in spike trains

Construct p[x tt0 |x
t0
t0−s , {y t0t0−r}] similarly, and then get pathwise TE

via log
p[xtt0 |x

t0
t0−s ,{y

t0
t0−r}]

p[x
tf
t0
|xt0t0−s ]

:

T (s,r)
y→x (t0, t) =

Nx�

i=1

ln
λx |y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

+

� t

t0

�
λx [x

t�
t�−s ]− λx |y [x

t�
t�−s , y

t�
t�−r ]

�
dt �
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TE in spike trains

Construct p[x tt0 |x
t0
t0−s , {y t0t0−r}] similarly, and then get pathwise TE

via log
p[xtt0 |x

t0
t0−s ,{y

t0
t0−r}]

p[x
tf
t0
|xt0t0−s ]

:

T (s,r)
y→x (t0, t) =

Nx�

i=1

ln
λx |y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

+

� t

t0

�
λx [x

t�
t�−s ]− λx |y [x

t�
t�−s , y

t�
t�−r ]

�
dt �

The pathwise TE is composed of:

1 A discontinuous component at target spikes

2 A continuously-varying component at non-spikes in target

1. (Target)
Spike
component

2. Non-spike
component
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Local TE in spike trains

T (s,r)
y→x (t0, t) =

Nx�

i=1

ln
λx |y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

+

� t

t0

�
λx [x

t�
t�−s ]− λx |y [x

t�
t�−s , y

t�
t�−r ]

�
dt �

Consider analogues to local TE as contributions to pathwise TE:
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Local TE in spike trains

T (s,r)
y→x (t0, t) =

Nx�

i=1

ln
λx |y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

+

� t

t0

�
λx [x

t�
t�−s ]− λx |y [x

t�
t�−s , y

t�
t�−r ]

�
dt �

Consider analogues to local TE as contributions to pathwise TE:

1 Associated with a spike ΔT (s,r)
t (ti ) = ln

λx|y [x
ti
ti−s ,y

ti
ti−r ]

λx [x
ti
ti−s ]

2 local rate associated with non-spikes: Ṫ (s,r)
nt (t) = λx − λx |y

such that:

T (s,r)
y→x (t0, t) =

Nx�

i=1

ΔT (s,r)
t (ti ) +

� t

t0

Ṫ (s,r)
nt (t �)dt �.
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TE rate for spike trains

T (s,r)
y→x (t0, t) =

Nx�

i=1

ln
λx|y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

+

� t

t0

�
λx [x

t�
t�−s ]− λx|y [x

t�
t�−s , y

t�
t�−r ]

�
dt�

Consider the average TE rate:
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TE rate for spike trains

T (s,r)
y→x (t0, t) =

Nx�

i=1

ln
λx|y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

+

� t

t0

�
λx [x

t�
t�−s ]− λx|y [x

t�
t�−s , y

t�
t�−r ]

�
dt�

Consider the average TE rate:

Since
�
λx [x

t
t−s ]

�
=

�
λx |y [x tt−s , y

t
t−r ]

�
then

�
Ṫ (s,r)
nt (t)

�
= 0
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TE rate for spike trains

T (s,r)
y→x (t0, t) =

Nx�

i=1

ln
λx|y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

+

� t

t0

�
λx [x

t�
t�−s ]− λx|y [x

t�
t�−s , y

t�
t�−r ]

�
dt�

Consider the average TE rate:

Since
�
λx [x

t
t−s ]

�
=

�
λx |y [x tt−s , y

t
t−r ]

�
then

�
Ṫ (s,r)
nt (t)

�
= 0

⇒ So expected average contribution to TE from non-spikes (in
target) disappears!
Implied empirical formalism (remove �·� under stationary
self-averaging):

Ṫ
(s,r)
y→x = lim

(t−t0)→∞
1

(t − t0)

�
Nx�

i=1

ln
λx |y [x

ti
ti−s , y

ti
ti−r ]

λx [x
ti
ti−s ]

�
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Implications

� Average rate will be finite provided λx |y [x
ti
ti−s , y

ti
ti−r ] does not

diverge. Suggest: if a discrete-time binned TE on spike trains
is not converging to zero as your Δt gets smaller, then it’s
not small enough to capture all features:

Ṫ
(s,r)
y→x (t) = lim

Δt→0

1

Δt
T

(k,l)
y→x

��t
t−Δt

.
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Implications

� Average rate will be finite provided λx |y [x
ti
ti−s , y

ti
ti−r ] does not

diverge. Suggest: if a discrete-time binned TE on spike trains
is not converging to zero as your Δt gets smaller, then it’s
not small enough to capture all features:

Ṫ
(s,r)
y→x (t) = lim

Δt→0

1

Δt
T

(k,l)
y→x

��t
t−Δt

.

� Earlier suggestions to focus on transfer at spikes only were
actually correct!
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Implications

� Average rate will be finite provided λx |y [x
ti
ti−s , y

ti
ti−r ] does not

diverge. Suggest: if a discrete-time binned TE on spike trains
is not converging to zero as your Δt gets smaller, then it’s
not small enough to capture all features:

Ṫ
(s,r)
y→x (t) = lim

Δt→0

1

Δt
T

(k,l)
y→x

��t
t−Δt

.

� Earlier suggestions to focus on transfer at spikes only were
actually correct!

� Estimation only has to concentrate on spiking component ...
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Implications

� Average rate will be finite provided λx |y [x
ti
ti−s , y

ti
ti−r ] does not

diverge. Suggest: if a discrete-time binned TE on spike trains
is not converging to zero as your Δt gets smaller, then it’s
not small enough to capture all features:

Ṫ
(s,r)
y→x (t) = lim

Δt→0

1

Δt
T

(k,l)
y→x

��t
t−Δt

.

� Earlier suggestions to focus on transfer at spikes only were
actually correct!

� Estimation only has to concentrate on spiking component ...

� An estimator should detect both rate- and timing-based
codings ...
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Example 1 – Poisson copying processes

� Source y has independent rate λy and refractory period τr ;

� Target x copies a y spike with probability a during an excited
period of τ after y spikes, then has refractory period τr ;

� τr ≥ τ
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Example 1 – Poisson copying processes

� Source y has independent rate λy and refractory period τr ;

� Target x copies a y spike with probability a during an excited
period of τ after y spikes, then has refractory period τr ;

� τr ≥ τ

At spikes (to first order in λy ):

� λx |y = −1/τ log(1− a) (to give probability of a that spike
occurs by τ)

� λx = aλy (average spike rate)

J.T. Lizier TE in spike trains December 2016



Outline TE Cont’-time Spike trains Examples Estimator Close 29

Example 1 – Poisson copying processes

� Source y has independent rate λy and refractory period τr ;

� Target x copies a y spike with probability a during an excited
period of τ after y spikes, then has refractory period τr ;

� τr ≥ τ

At spikes (to first order in λy ):

� λx |y = −1/τ log(1− a) (to give probability of a that spike
occurs by τ)

� λx = aλy (average spike rate)

⇒ Analytic solution (first order in λy ; s, r → ∞):

Ṫy→x = aλy ln

�− ln [1− a]

aλyτ

�
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Example 1 – Poisson copying processes

Analytic solution (first order in λy ; s, r → ∞):

Ṫy→x = aλy ln

�− ln [1− a]

aλyτ

�

a

0 0.2 0.4 0.6 0.8 1

λ
−
1

y
(T

y
→

x
+
O
(λ

2 y
))

0

2

4

6

8

10

12

λ
−1
y (Ty→x +O(λ2

y)) τ = 1

λy = 1

λy = 0.1

λy = 0.01

λy = 0.001

λy = 0.0001

� TE rate rises with a,
because a resulting spike
is more likely.

� TE rate rises with λy ,
because of more spiking
events

� TE/aλy (per target
spike, see plot) rises as
λy ↓
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Example 2 – Elevated spike rates

λy|x = λy

λx|y [x
t
t−s , y

t
t−r ] = λx|y [t

y
1 ]

=





0.5 ty1 > 1

0.5 + 5 exp [−50(ty1 − 0.5)2] 0 < ty1 ≤ 1

−5 exp [−50(0.5)2]
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Example 2 – Elevated spike rates – Results
y

x
λ
x
|y
,
λ
x

0

2

4

6

λx|y

λx

T
y
→

x
(0
,
t)

0

2

4

6

8

t

0 2 4 6 8 10

Ṫ
n
t
,
Δ
T
t

-4

-2

0

2

4

Ṫns

ΔTt

A

B

C

D E
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Example 2 – Elevated spike rates – Results
y

x
λ
x
|y
,
λ
x

0

2

4

6

λx|y

λx

T
y
→

x
(0
,
t)

0

2

4

6

8

t

0 2 4 6 8 10

Ṫ
n
t
,
Δ
T
t

-4

-2

0

2

4

Ṫns

ΔTt

A

B

C

D E

Pathwise TE, at target spikes,
discontinuously :

A Jumps up – λx |y > λx

B Drops – λx |y < λx

C Jumps reduce – multiple
target spikes raise λx
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Example 2 – Elevated spike rates – Results
y

x
λ
x
|y
,
λ
x

0

2

4

6

λx|y

λx

T
y
→

x
(0
,
t)

0

2

4

6

8

t

0 2 4 6 8 10

Ṫ
n
t
,
Δ
T
t

-4

-2

0

2

4

Ṫns

ΔTt

A

B

C

D E

Pathwise TE, at target spikes,
discontinuously :

A Jumps up – λx |y > λx

B Drops – λx |y < λx

C Jumps reduce – multiple
target spikes raise λx

Pathwise TE, over non-spiking
period, continuously :

D Decreases – λx |y > λx

E Increases – λx |y < λx

J.T. Lizier TE in spike trains December 2016



Outline TE Cont’-time Spike trains Examples Estimator Close 41

Conclusion

� New formulation of TE developed for spike trains.

� New estimator for TE for spike trains proposed:
� Handles continuous time, appears to efficiently represent spike

trains for TE;
� Preliminary testing looks promising;
� Will be included in JIDT/IDTxL soon.

� Future work:
� Further testing on synthetic examples
� Compare properties to other estimators, i.e. time-binned
� Apply to neural spike recordings
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