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Effective network inference with IDTxI

— Context of different options for network inference from time-
series data using transfer entropy, and how that relates to
effective network inference.

— Utility of IDTxI effective network inference with multivariate
transfer entropy approaches

— Primary references:
— Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex
Systems", Springer, Cham, 2016; section 7.2

— P. Wollstadt, J.T. Lizier, R. Vicente, C. Finn, M. Martinez-Zarzuela, P. Mediano, L. Novelli and M. Wibral,
"IDTxI: The Information Dynamics Toolkit xl: a Python package for the efficient analysis of multivariate
information dynamics in networks", arXiv:1807.10459, 2018

— L. Novelli, P. Wollstadt, P. Mediano, M. Wibral, J.T. Lizier, "Large-scale validation of network inference
with multivariate transfer entropy and hierarchical statistical testing”, in preparation, 2018
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Network inference

— Key question: given only time series for each of a set of
variables, how can we build network model which represents the
relationships between these variables?

‘ o ° e e e Options:

1. Functional networks

I B e e § n-k+1
0 1 o ] Time .
i = S TP R 2. Effective networks
i SCI1CS
1 0 1 0 n
| | Lol | ot
_____ 5 - | 3. Structural networks

Complex system as a multivariate time-series
of states

The University of Sydney Page 4



Functional network inference

— Constructs undirected networks to represent relationships
between nodes

— Usually using a measure of correlation or MI

— Provides no explanation for how the relationship manifests

et

“

O. Sporns. Networks of the Brain. MIT Press, Cambridge, Massachusetts, USA, 2011

K. J. Friston. Functional and effective connectivity in neuroimaging: A synthesis. Human Brain Mapping, 2(1-2):56—78, 1994.
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Structural network inference

— Constructs directed networks to represent the physical, directed
(causal) connections

— Generally only possible via interventional techniques but not

directly from large (observational) multivariate time-series sets
alone.

— Does not tell us about time or experimentally modulated
changes in how the variables are interacting

o ?

®

O. Sporns. Networks of the Brain. MIT Press, Cambridge, Massachusetts, USA, 2011
K. J. Friston. Functional and effective connectivity in neuroimaging: A synthesis. Human Brain Mapping, 2(1-2):56-78, 1994.
Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
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Effective network inference

— Hybrid approach between structural and functional

— Seeks to infer directed relationships and “minimal neuronal circuit model”
which can replicate and indeed explain the time series of the nodes

Not structural (causal) but:
‘ h — May be best that can be done
e o 9 e e Nodes with data. (Causality often
impossible)
il — Reflect dynamic changes in

T regime of the system.
0 0 1 1me . N
L , e — May satisfy other motivations
J 0 L E L 7 series .
1 0 1 0 n for modelling
i ! | 0 | ! i ntl
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O. Sporns. Networks of the Brain. MIT Press, Cambridge, Massachusetts, USA, 2011
K. J. Friston. Functional and effective connectivity in neuroimaging: A synthesis. Human Brain Mapping, 2(1-2):56—78, 1994.

Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
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Effective network inference

— Hybrid approach between structural and functional

— Seeks to infer directed relationships and “minimal neuronal circuit model”
which can replicate and indeed explain the time series of the nodes
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O. Sporns. Networks of the Brain. MIT Press, Cambridge, Massachusetts, USA, 2011

Other motivations for modelling:

Mechanistic understanding
Prediction

Descriptive statistical model
Model the computation taking
place in the system, revealing
emergent computational
structure.

Transfer entropy is a natural fit!

K. J. Friston. Functional and effective connectivity in neuroimaging: A synthesis. Human Brain Mapping, 2(1-2):56—78, 1994.
Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
A. Avena-Koenigsberger, B. Misic, O. Sporns, "Communication dynamics in complex brain networks", Nature Reviews Neuroscience, 19(1), p. 17

The University of Sydney

Page 8



Transfer entropy

— How much information about the next observation X,, of process
X can be found in observation Y,, of process Y, in the context of

the past state X,(lk) ={X, ki1 o> Xn—1,Xn} 2
o = Jim 1 (Yo Xnaa [ X317)
Tyx(k) = I(Yn;Xn+1|X£lk))

— Average info from source that helps
predict next value in context of past.

Or, in modelling the dynamics of the target:

— how much information transfer would we
include in that model by accounting for the
past influence of the source ...

— Given that we've already considered the
past of the target.

T. Schreiber, “Measuring Information Transfer”, Physical Review Letters, 85(2), pp. 461-4, 2000.

J. T. Lizier, M. Prokopenko, & A. Y. Zomaya. “Local information transfer as a spatiotemporal filter for complex systems”. Physical Review E, 77(2):026110, 2008.
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Example: modelling information processing in CAs

— Transfer entropy perspective aligns with how we describe

complex systems

— Emergent glider structures have strongest information transfer values.
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Blinkers and background
domains are dominant
transfer entities!

Gliders are dominant JIDT

transfer entities!

J. T. Lizier, M. Prokopenko, & A. Y. Zomaya.
“Local information transfer as a spatiotemporal
filter for complex systems”. Physical Review E,
77(2):026110, 2008.

J.T. Lizier, “JIDT: An Information-Theoretic toolkit
for studying the dynamics of complex systems”.
Frontiers in Robotics and Al, 1:11, 2014.
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A critique of a critique of transfer entropies

— James et al. (201 6) criticise 3 aspects of transfer entropies:

1. Itis not causal;
2. Includes synergies as well as unique information; and changes on conditioning.

3. “Shoehorns” dyadic relationships into network representation

— Resolution: It is a model of information flow, in juxtaposition to information
storage. Responses:

1. Known (Ay and Polani, 2008; Chicharro and Ledberg, 201 2; Lizier and
Prokopenko, 2010): but only this modelling perspective aligns with how we
describe information processing.

2. Known (Lizier et al., 2010; Williams and Beer, 201 1): Synergies are an
important part of how we describe information flow (e.g. gliders). Different
models (pairwise and conditional) of flow are important components of a
wholistic view of information processing; they are complementary.

3. Disagree on interpretation (Bossomaier et al., 2016; Lizier and Rubinoyv, 201 2):
More later ...

R. G. James, N. Barnett, and J. P. Crutchfield. “Information flows? a critique of transfer entropies”. Physical Review Letters, 116:238701+, 2016
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TE for effective network inference

— |s directional and non-linear

— Serves to model information processing in target nodes

— We'll walk through how a conglomeration of many approaches

leads to current algorithm in IDTxI:

— Vlachos, I., & Kugiumtzis, D., Physical Review E, 82(1), 016207, 2010
— Faes, L., Nollo, G., & Portq, A., Physical Review E, 83(5), 051112, 2011

— ). T. Lizier and M. Rubinov. Technical Report 25/2012, Max Planck Institute for
Mathematics in the Sciences, 201 2.

— S. Stramaglia, G.-R. Wu, M. Pellicoro, and D. Marinazzo, Physical Review E,
86(6):066211+, 2012

— Montalto, A,, Faes, L., & Marinazzo, D., PLoS ONE, 9(10), e109462, 2014

— Sun, J, Taylor, D., & Bollt, E. M., SIAM Journal on Applied Dynamical Systems, 14(1), 73—
106, 2015

Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
L. Novelli, P. Wollstadt, P. Mediano, M. Wibral, J.T. Lizier, "Large-scale validation of network inference with multivariate transfer entropy and hierarchical
statistical testing", in preparation, 2018
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TE for effective network inference: bivariate approach

1. Measure pairwise /bivariate TE between all pairs of variables
in the system;

2. For each source-target pair, obtain the p-value for measuring
the observed TE under a null distribution;

3. Threshold the p-values to select connections for the network.

— More principled approach than thresholding raw values:
threshold is statistically derived, robust, suitable for small data
sets.

RENTOOL

M. Wibral, R. Vicente, and M. Lindner. “Transfer entropy in neuroscience”. In M. Wibral, R. Vicente, and J. T. Lizier, editors, Directed Information Measures in
Neuroscience, pp. 3—36. Springer, Berlin/Heidelberg, 2014.

Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
The University of Sydney Page 13



Q: Is estimate I(X;Y | Z) consistent with 0?

— Null hypothesis Hy: X is independent of Y given Z
— Alternative hypothesis: X has a dependence on Y

— To test Hy — Test probability of sampling the statistic I(X;Y | Z) assuming it is
distributed under H:

— In practice, we generate the surrogate distribution empirically
(computationally demanding!) though can do analytically for some estimators
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J.T. Lizier, "JIDT: An information-theoretic toolkit for studying the dynamics of complex systems", Frontiers in Robotics & Al, 1:11, 2014; appendix A.5
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Notes on standard approach

1. Need to correct for multiple comparisons:

2. Need to properly set TE parameters, else can get false
positives /negatives:

3. Limitation: Does not handle redundancies or synergies
between sources.

—  Need multivariate forms of transfer entropy (conditional and collective)

0:: o-o-0 “7°

M. Wibral, R. Vicente, and M. Lindner. “Transfer entropy in neuroscience”. In M. Wibral, R. Vicente, and J. T. Lizier, editors, Directed Information Measures in
Neuroscience, pp. 3—36. Springer, Berlin/Heidelberg, 2014.

Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
The University of Sydney Page 15



Conditional Transfer entropy

— How much info about next observation X,, of process X can be
found in observation Y,, of process Y, in context of the past state

k L[]
X,g ) = {X_x+1, +r»Xn_1,X,} and observation Z,, of process Z?2
. k
Ty xiz = Ill_)rglol (Yn;Xn+1|X1(1 )'Zn)
k
TY—>X|Z(k) =1 (Yn;Xn+1|X£l )an)

— Can add same source-target delays, conditional-target delays, embeddings, multivariate
conditionals etc., all in style of such extensions for TE.

. Lizier, M. Prokopenko, & A. Y. Zomaya. “Local information transfer as a spatiotemporal filter for complex systems”. Physical Review E, 77(2):026110, 2008.

. Lizier, M. Prokopenko, & A. Y. Zomaya. "Information modification and particle collisions in distributed computation", Chaos, 20(3), 037109, 2010.
The University of Sydney Page 16
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Contrasting TE and CTE

— How does extra conditioning on Z change TE?

— Removes redundancies between Y and

Z, e.q.

— Common driver effects

Tx

GX@H) ] e | ek — Pathway effects

®-0-0

— Includes synergies between Y and Z, e.g.
— Gated effects

. Lizier, M. Prokopenko, & A. Y. Zomaya. “Local information transfer as a spatiotemporal filter for complex systems”. Physical Review E, 77(2):026110, 2008.

. Lizier, M. Prokopenko, & A. Y. Zomaya. "Information modification and particle collisions in distributed computation", Chaos, 20(3), 037109, 2010.
The University of Sydney Page 17
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Multivariate effective network inference with TE

— Using conditional forms to address redundancy and synergy

— But what to condition on ...2
— Other sources to the target! ... But we're trying to discover them
— Conditioning arbitrarily:
* Leads to undersampling, even for independent sources
* Removes information held by redundant sources
— Especially if we condition on all other variables!

0:: o-o-0 “°
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Information regression/model

— Modelling the information processing in X.

— Consider two sources to X. (General case in Lizier 2010):

Real goal here: to infer this parent set {Y, Z} for X

|
H(Xn) = 1K Xns1) + 1 (Yoo Zi X |X31) + H (Xia |XE2, ¥, 25

H ) = 1(X07 X ) + 1 (Yo Xnaa|X02) + 1 (Zni X [ X5, Y2
FH (X1 | X0, Y, 2, )

H ) = 1 (X0 Xnan) + 1 (Zni X |K5E) + 1 (Yoi X [ XS0, 22
+H (X1 [X$0, ¥y, Z,)
1. Active information storage 2-. Collective transfer entropy
2. Pairwise /apparent transfer entropy  3+. Conditional transfer entropy

. Lizier, M. Prokopenko, & A. Y. Zomaya. “Local information transfer as a spatiotemporal filter for complex systems”. Physical Review E, 77(2):026110, 2008.

. Lizier, M. Prokopenko, & A. Y. Zomaya. "Information modification and particle collisions in distributed computation", Chaos, 20(3), 037109, 2010.
The University of Sydney Page 19
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Inferring the parent set

— Maths for two sources to X. (General case in refs below):

Real goal here: to infer this parent set {Y,Z} for X

1
H(Xnin) = 1 (X5 Xonin) 1 (Y Zi Xa X0 + H (X1 |X52, Y 2,

— Parent set renders X conditionally independent of other candidate sources;
— And all sources in the set contribute.
— This goal is not satisfied in general by:
— Selecting sources with strong univariate TE
— Maximising the number of sources chosen
— Selecting sources with strong TE conditioned on rest of system
— Inferring whole parent set at once is combinatorially difficult.

J. T. Lizier and M. Rubinov. “Multivariate construction of effective computational networks from observational data”. Technical Report Preprint 25/2012, Max
Planck Institute for Mathematics in the Sciences, 2012.

Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
The University of Sydney Page 20



lterative/greedy approaches

— Maths for two sources to X. (General case in refs below):

Real goal here: to infer this parent set {Y,Z} for X

|
H i) = 1 (X8 Xpan ) + 1 (Yo Zi X [X07) + H (X1 |X00, Y, 22

— Inferring whole parent set at once is combinatorially difficult.
— Instead, infer parent set one by one in a greedy fashion:
= 1. Start with empty parent set P
Evaluate TE from each source to target, conditioning on P.
Add the source with max conditional TE to P if p-value is statistically significant.
Go back to step 2 if a new parent was added, else terminate.

2 R
I GOV I )

H 1) = 1(X3%5 Kner) + (Vs K [0 + 1 (Z K [ K52 Vo ) + H (K| K32, Yo, 22)

H (1) = 1(X35 Xnin) + 1 (Zni K| X320 A H (X |X0O, Z4)

J. T. Lizier and M. Rubinov. “Multivariate construction of effective computational networks from observational data”. Technical Report Preprint 25/2012, Max
Planck Institute for Mathematics in the Sciences, 2012.
Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
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lterative/greedy approaches

Instead, infer parents one by one in a greedy fashion:
0. Embed target past
Start with empty parent set P
Evaluate TE from each source to target, conditioning on P.
Add the source with max cond. TE to P if p-value is statistically significant.
Go back to step 2 if a new parent was added, else go to step 5.
Prune redundant links in context of final set P.
Perform statistical test of whole parent set P.

ok wbd -

H(Xn+1) = I(X%k);Xnﬁl) + I(Yn'Zn;Xn+1|X§1k)) +H (Xn+1|X$lk)'Yn' Zn)

More efficient than brute force search for parent set.

Handles redundancies and synergies between parents.

Scan for multiple samples from each source (non-uniform embedding)

Statistical tests provide “automatic brake” when statistical power of data is exhausted.
Must control for multiple comparisons (e.g. max statistics)

End result is the parent set. Order that nodes were inferred in is no longer relevant.
Proven to converge to causal network under certain conditions (Sun et al., 2015)

J. T. Lizier and M. Rubinov. “Multivariate construction of effective computational networks from observational data”. Technical Report Preprint 25/2012, Max
Planck Institute for Mathematics in the Sciences, 2012.

Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2

P. Wollstadt, J.T. Lizier, R. Vicente, C. Finn, M. Martinez-Zarzuela, P. Mediano, L. Novelli and M. Wibral, "IDTxI: The Information Dynamics Toolkit xl: a Python
package for the efficient analysis of multivariate information dynamics in networks", arXiv:1807.10459, 2018

The University of Sydney
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- Instead, infer parents one by one in a greedy fashion:
0. Embed target past
Start with empty parent set P

1.
[ 2. Evaluate TE from each source to target, conditioning on P.
Iie rq il ve /g r eed y q p p r o q c h e s 3. Add the source with max cond. TE to P if p-value is statistically significant.

4. Go back to step 2 if a new parent was added, else go to step 5.

5. Prune redundant links in context of final set P.

6. Perform statistical test of whole parent set P.

.
variables
< >

@n-6 DPn-6 Cn-e An-6 fnb6 |[¥n—6 Un—6 Vn-6 Wn-o6 Yn-6 Zn—6
n5 fns Xn-5 unS Vns Wn5 Yn-s5 ZnS

n— Cn 5
Max time
s s horizon
w

Q Target embedding candidates Q Source candidates

@ Target embedding selections ‘ Source selections (parent set P)
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IDTx| software
TRENTOOL |[JIDT

— |IDTx| implements the greedy algorithm, including:
— Various pluggable estimators, for TE and MI

* Nonlinear and linear
* CPU (JIDT) and GPU (OpenCL), parallelisable
— Various | /O functions

— Adds additional steps (pruning Neuroscience
step) and statistical tests. | |

— Hierarchical statistics, including h
“Max statistics” for multiple /0 %
comparison correction in parent A%/
selection; Algorithms &,
— Handles TE parameter selection, ggtrii;ators

non-uniform embedding / delay
selection of sources;
P. Wollstadt, J.T. Lizier, R. Vicente, C. Finn, M. Martinez-Zarzuela, P. Mediano, L. Novelli and M. Wibral, "IDTxI: The Information Dynamics Toolkit xl: a Python

package for the efficient analysis of multivariate information dynamics in networks", arXiv:1807.10459, 2018
https: //github.com /pwollstadt /IDTxI
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https://github.com/pwollstadt/IDTxl
https://github.com/pwollstadt/IDTxl

Sample code

from idtxl.multivariate _te import MultivariateTE
from idtxl.data import Data

data = Data()
data.generate var_data(n_samples=1000, n_replications=5)

network analysis = MultivariateTE()

settings = {'cmi_estimator': 'JidtKraskovCMI',
'max_lag sources': 5,
'min_lag sources': 1}

results = network analysis.analyse network(settings=settings,
data=data)

The University of Sydney




Validation on simulated time series

— Topology:
— random networks with expected in-degree = 3
— Dynamics:

— coupled autoregressive processes (with 1 lag chosen at random between
1 and 5)

Y(t) =p8Y(t 1)+ X xex, ax (X —0,) + Ony (1)
N xexy, ax =045 §=05; 0=0.1

— coupled logistic maps (similar lags)
Y (t) = 4da(t) « (1 —a(t)) + Ony (t) mod 1
a(t) =Y (t—1)+ >  axX(t—d,)

XeXy

— We can expect causal network to be recovered

Sun, J., Taylor, D., & Bollt, E. M. (2015). Causal Network Inference by Optimal Causation Entropy. SIAM Journal on Applied Dynamical Systems, 14(1), 73—-106.
The University of Sydney Page 26



Results: influence of size and length
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Results: false positive rate
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Influence of threshold on performance
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Assessing coupling lag
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Linear estimator on non-linear data
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Runtimes

Sample size Network size max GPU time pernode max CPU time per node

T N (h) (h)
10 0.005 0.01
100 40 0.01 0.05
70 0.02 0.10
100 0.03 0.15
10 0.05 0.25
40 0.20 2.30
1000
70 0.25 4.30
100 0.45 5.50
10 0.85 13.00
10000 40 3.30 120.00
70 5.00 250.00
100 6.70 335.00

Table 1. Maximum CPU and GPU run-time for a single target using the nearest-neighbour
estimator and 200 surrogates. Summary of the results for different time series lengths (T = 100,
1000, 10000) and different network sizes (N = 10, 40, 70, 100).
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Effective network inference: summary

— We've looked at different options for network inference from
time-series data using transfer entropy, complexities and
subtleties involved.

— Introduced the IDTxI toolkit, and showed how it has been
validated on realistic sized data sets.

— Future work:
— Analytic version of surrogate estimators
— Estimators for spiking data

The University of Sydney Page 33



Questions



What can we use effective network inference for?

— Model/infer underlying information network for the system

— Examine how network changes with condition

— Examine how network changes over time

— Application areas:

Neuroimaging

Financial market data sets
Gene regulatory networks
Social media analysis
Sport analytics

J. T. Lizier, J. Heinzle, A. Horstmann, J.-D. Haynes, and M. Prokopenko.. Journal of Computational Neuroscience, 30(1):85-107, 2011
O. M. Cliff, J. T. Lizier, X. R. Wang, P. Wang, O. Obst, and M. Prokopenko. In S. Behnke, M. Veloso, A. Visser, and R. Xiong, editors, RoboCup 201 3: Robot

World Cup XVII, volume 8371 of Lecture Notes in Computer Science, pages 1-12. Springer, Berlin/Heidelberg, 2014
The University of Sydney Page 35



TE for effective network inference: basic approach

1. Measure pairwise /bivariate TE between all pairs of variables
in the system;

2. Threshold the TE values to select connections for the network

— What would we choose for the threshold?

Bossomaier, Barnett, Harré, Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016; section 7.2
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Notes on standard approach

1. Need to correct for multiple comparisons:

— e.g. Bonferroni correction — drop threshold o by a factor of M, where M is the
number of tests we make. Normally M=G.(G-1) for network of size G, which
gives a very small threshold!

2. Need to properly set TE parameters, else can get false
positives /negatives:
—  Set embeddings;
—  Set source-target delay — e.g. scan over a range

3. Limitation: Does not handle redundancies or synergies between sources.

- Need multivariate forms of transfer entropy (conditional and collective)

0:: o-o-0 “°
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