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Complex systems scientists

Systems at* the edge of chaos
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Perceived advantages of operating at criticality

– Increased autocorrelation times and variance
– Structure at many scales
– Long spatial correlations
– Dynamic range
– Memory capacity
– Maximal sensitivity to tuning parameters
– Blend stability with responsiveness
– Combination of segregation and integration
– Complexity of dynamics
– …
Matsuda H, et al., “Mutual information of Ising systems”, Int. J. Theoretical Physics, 35(4):839–845, 1996
Kinouchi et al., "Optimal Dynamical Range of Excitable Networks at Criticality", Nature Physics 2(5): 348–351, 2006.
Scheffer M, et al., “Early-warning signals for critical transitions”, Nature, 461(7260):53–59, 2009
Aburn MJ, et al., “Critical Fluctuations in Cortical Models Near Instability”, Frontiers in Physiology. 3:331, 2012
Prokopenko M, “Relating Fisher information to order parameters”, Physical Review E, 84:041116, 2011
Mediano, P. et al., “Integrated Information and Metastability in Systems of Coupled Oscillators”, arXiv:1606.08313, 2016
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Adaptation towards the edge of chaos?

– From an initial characterisation of Cellular Automata rules using 
a control parameter λ:
– Packard (1988) found CAs most likely to perform various tasks were 

near criticality, and evolution tended to select these.
– Langton (1990) suggested universal computation possible at the edge of 

chaos.
– Similarly, Kauffman was suggesting evolution of GRNs to edge of chaos

– Issues (Mitchell et al., 1993)
– Best system to solve a given task is not necessarily at criticality, and
– Evolving to solve a task does not necessarily take us to the edge.
– There is not a true critical phase transition w.r.t λ in CAs.

Langton, C. G., "Computation at the Edge of Chaos: Phase Transitions and Emergent Computation", Physica D 42 (1–3): 12–37, 1990
Kauffman, S. A., "The Origins of Order: Self-Organization and Selection in Evolution", New York: Oxford University Press, 1993
Packard, N.H., "Adaptation toward the Edge of Chaos." In Dynamic Patterns in Complex Systems, edited by J. A. S. Kelso, et al., 293–301. Teanek, 
NJ: World Scientific, 1988
M. Mitchell, et al., “Revisiting the Edge of Chaos: Evolving Cellular Automata to Perform Computations”, Complex Systems, 7: 89–130, 1993
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Maximisation of information processing at criticality?

– Recurrent NN performance peaks at criticality for many tasks
– Biological NNs sit near criticality

– Much evidence relating to “computational” capabilities being 
maximised, some more relevant than others:
– “Information transfer” as mutual info in neural cultures
– Branching ratio in a network of excitable elements
– “Information transfer” as mutual info between node pairs in RBNs
– Message generation rate in a model of computer networks

Legenstein R, Maass W, “Edge of chaos and prediction of computational performance for neural circuit models”, Neural Networks 20(3):323–334, 2007
Büsing L, et al., “Connectivity, dynamics, and memory in reservoir computing with binary and analog neurons”, Neural Computation 22(5):1272–1311, 2010
Bertschinger N, Natschläger T, “Real-time computation at the edge of chaos in recurrent neural networks”, Neural Computation 16(7):1413–1436, 2004
Beggs J.M., Plenz D., “Neuronal avalanches in neocortical circuits”, J. Neuroscience. 2003;23(35):11167–11177
Priesemann V, et al. “Spike avalanches in vivo suggest a driven, slightly subcritical brain state”, Frontiers in Systems Neuroscience, 8(108), 2014
Kinouchi et al., "Optimal Dynamical Range of Excitable Networks at Criticality", Nature Physics 2(5): 348–351, 2006.
Ribeiro, A.S., "Mutual Information in Random Boolean Models of Regulatory Networks", Physical Review E 77 (1): 011901, 2008
Shew WL, et al. "Information capacity and transmission are maximized in balanced cortical networks with neuronal avalanches", J. Neuro., 31(1):55–63, 2011
Munoz MA., “Colloquium: Criticality and dynamical scaling in living systems”, Rev Modern Phys., 90:031001, 2018
Solé, R. V., and S. Valverde, "Information Transfer and Phase Transitions in a Model of Internet Traffic", Physica A 289 (3–4): 595–605, 2001



The University of Sydney Page 7

Quantifying information processing around criticality

– Edge of chaos may not always be optimal, but is likely 
advantageous for general purpose computation
– E.g. for fast switching to other modes

– Likely due to information processing advantages
– Need to explore these – with a more direct measurement of

information processing capabilities rather than indicators

Shine JM, et al., “The modulation of neural gain facilitates a transition between functional segregation and integration in the brain”, eLife, 7:e31130, 2018
Wilting J., et al., "Dynamic Adaptive Computation: Tuning network states to task requirements", arXiv:1809.07550, 2018
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Contents

– Motivation
– Information dynamics
– Experimental results
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Modelling information processing dynamics

– How can we model neural information processing dynamics?
– It is the output of an intrinsic local computation within the system
– Model in terms of information storage and transfer
– Establishing an information-theoretic footprint

Complex system as a multivariate time-series of states
e.g. fMRI, MEG, EEG, etc.

D. P. Feldman, C. S. McTague, and J. P. Crutchfield. “The organization of intrinsic computation: Complexity-entropy diagrams and the diversity of 
natural information processing”, Chaos, 18(4):043106, 2008.
J.T. Lizier, “The local information dynamics of distributed computation in complex systems”, Springer: Berlin/Heidelberg, 2013
M. Wibral, J.T. Lizier and V. Priesemann, "Bits from Brains for Biologically-inspired Computing", Frontiers in Robotics and AI, vol. 2, 5, 2015
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Active information storage

– How much information about the next observation 𝑋𝑋𝑛𝑛 of process 
𝑋𝑋 can be found in its past state 𝑿𝑿𝑛𝑛

(𝑘𝑘) = 𝑋𝑋𝑛𝑛−𝑘𝑘+1, … ,𝑋𝑋𝑛𝑛−1,𝑋𝑋𝑛𝑛 ?

Active information storage (AIS)
𝐴𝐴𝑋𝑋(𝑘𝑘) = 𝐼𝐼(𝑿𝑿𝑛𝑛

𝑘𝑘 ;𝑋𝑋𝑛𝑛+1)

– Average information from past 
state that is in use in predicting 
the next value

J.T. Lizier, M. Prokopenko, A.Y. Zomaya, “Detecting Non-trivial Computation in Complex Dynamics”, Proc. ECAL, pp. 895-904 (2007).
J.T. Lizier, M. Prokopenko, & A.Y. Zomaya, “Local measures of information storage in complex distributed computation”, Information Sciences 208, 39 (2012)
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Transfer entropy

– How much information about the next observation 𝑋𝑋𝑛𝑛 of process 
𝑋𝑋 can be found in observation 𝑌𝑌𝑛𝑛 of process 𝑌𝑌, in the context of 
the past state 𝑿𝑿𝑛𝑛

(𝑘𝑘) = 𝑋𝑋𝑛𝑛−𝑘𝑘+1, … ,𝑋𝑋𝑛𝑛−1,𝑋𝑋𝑛𝑛 ?

Transfer entropy (TE)
𝑇𝑇𝑌𝑌→𝑋𝑋(𝑘𝑘) = 𝐼𝐼 𝑌𝑌𝑛𝑛;𝑋𝑋𝑛𝑛+1 𝑿𝑿𝑛𝑛

𝑘𝑘

– Average info from source that helps 
predict next value in context of past.

– Granger-like
– Dynamic, directed

T. Schreiber, “Measuring Information Transfer”, Physical Review Letters, 85(2), pp. 461-4, 2000.
T. Bossomaier, L. Barnett, M. Harré, J.T. Lizier, "An Introduction to Transfer Entropy: Information Flow in Complex Systems", Springer, Cham, 2016

𝐻𝐻𝑋𝑋 = 𝐴𝐴𝑋𝑋 + 𝑇𝑇𝑌𝑌→𝑋𝑋 + 𝐼𝐼 𝑍𝑍𝑛𝑛;𝑋𝑋𝑛𝑛+1 𝑿𝑿𝑛𝑛
𝑘𝑘 ,𝑌𝑌𝑛𝑛 + ⋯

Higher order TEs
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Example: modelling information processing

Transfer entropy perspective aligns with how we describe complex systems:

tim
e

(a) Raw CA (b) Local AIS

(c) Local TE right (d) Local TE left

cells

J. T. Lizier, M. Prokopenko, & A. Y. Zomaya. “Local information transfer as a spatiotemporal filter for complex systems”. Physical Review E, 77(2):026110, 2008.
J.T. Lizier, “JIDT: An Information-Theoretic toolkit for studying the dynamics of complex systems”. Frontiers in Robotics and AI, 1:11, 2014.

– Cascading waves in flocks are 
information transfer events

– Emergent glider structures in CAs have 
strongest information transfer values.

E. Crosato et al., "Informative and misinformative interactions in a 
school of fish", Swarm Intelligence, 12(4), pp.283-305, 2018
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Information processing capabilities and criticality? 
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Information processing capabilities and criticality? 
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Ising model image from HeMath used under CC BY-SA 4.0 Neural gains used from Shine et al, eLife 2019 under CC BY 4.0
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1. Random Boolean Networks (RBNs)

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Random Boolean 
functions

Boolean values;
No noise

Average degree 
or rule table bias

Uncertainty in 
perturbation

Freezing vs 
chaotic
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B

X

A

Y2

Ordered phase

r

Diagram adapted from: 
Gershenson 2004, 
Aldana 2003.
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1. Random Boolean Networks (RBNs)

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Random Boolean 
functions.

Boolean values;
No noise

Average degree 
or rule table bias

Uncertainty in 
perturbation

Freezing vs 
chaotic

Y1

B

X

A

Y2

Ordered phase 
dominated by 
information 
storage

Chaotic phase 
dominated by 
information 
transfer:
- Pairwise TE 

peaks near 
criticality 
(coherent 
effects)

- Move to higher 
order TEs laterBalance near 

critical phase

Lizier JT, et al., “The information dynamics of phase transitions in random Boolean networks”. In: Bullock S,  et al., editors. Proc. ALife XI, p. 374–381, 2008

Note: finite size effects
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2. Small world RBNs

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Random Boolean 
functions

Boolean values;
No noise

Randomness in 
network structure

Uncertainty in 
perturbation

(semi-)Freezing 
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γ

γ

Watts & Strogatz, 1998

Clustering

Path length

γ



The University of Sydney Page 18

2. Small world RBNs

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Random Boolean 
functions

Boolean values;
No noise

Randomness in 
network structure

Uncertainty in 
perturbation

(semi-)Freezing 
vs (semi-)chaotic

Y1

B

X

A

Y2

Lizier JT, Pritam S, Prokopenko M. “Information dynamics in small-world Boolean networks”, Artificial Life,17(4):293–314, 2011

〈K〉 = 4, r=0.36

Ordered phase 
dominated by 
information 
storage

Chaotic phase 
dominated by 
information 
transfer
• Similar 

decomposition 
over orders of 
TE

Balance near critical 
phase in dynamics
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3. Ising model

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Glauber dynamics, 
regular 2D grid

Boolean spins;
Noise

Temperature 
(randomness)

Thermodynamic 
susceptibility

Freezing vs 
disordered

Ising model image from HeMath used under CC BY-SA 4.0
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3. Ising model

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Glauber dynamics, 
regular 2D grid

Boolean spins;
Noise

Temperature 
(randomness)

Thermodynamic 
susceptibility

Freezing vs 
disordered

L. Barnett, et al., “Information Flow in a Kinetic Ising Model Peaks in the Disordered Phase”, Physical Review Letters, 111(17):177203, 2013

Disordered phase dominated 
by information transfer:
- Pairwise TE peaks at 

criticality (coherent 
effects)

- Higher order TEs keep 
rising until stochastic 
decay

Further clarifications that peak in higher order TE is due to synergistic component by:
S. Sootla et al., “Analyzing information distribution in complex systems”, Entropy 19(12), 636, 2017
D. Marinazzo et al., “Synergy as a warning sign of transitions: The case of the two-dimensional Ising model”, PRL 99(4), 040101, 2019
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4. Echo state networks

Dynamics Constraints Control 
parameter

Order 
parameter

Extremities in 
dynamics

Input driven, tanh 
tx weighted sums

Continuous (-1,1);
No noise

Variance in edge 
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4. Echo state networks

Dynamics Constraints Control 
parameter

Order 
parameter

Extremities in 
dynamics

Input driven, tanh 
tx weighted sums

Continuous (-1,1);
No noise

Variance in edge 
weight

Lyupanov
exponent

Stability vs chaotic 
spreading

30th order nonlinear autoregressive moving average (NARMA) task

J. Boedecker, et al., “Information processing in echo state networks at the edge of chaos”, Theory in Bioscience, 131(3):205–213, 2012

Both transfer and storage sharply peak at criticality.

→ See also Ruomin Zhu’s recent work in neuromorphic nanowire networks (poster 32)!
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6. Neural mass model

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Stochastic 
coupled DEs

Constrained 
firing rates; noise

Neural gain in 
Σinput → output

Synchronization Integrated vs 
Segregated
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6. Neural mass model

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Stochastic 
coupled DEs

Constrained 
firing rates; noise

Neural gain in 
Σinput → output

Synchronization Integrated vs 
Segregated

Storage Transfer
M. Li, et al., “Transitions in brain-network level information processing dynamics are driven by alterations in neural gain”, PLOS CB, in press, 2019 (see bioRxiv)

Transfer increases into the integrated regime - different
Criticality balances access to strong storage and transfer dynamics - same

- why?

Not an order-
chaos transition
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7. Kuramoto oscillators

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Coupled ODE Constrained 
phase; no noise

Coupling strength Synchronization Independent vs 
synchronised

Local coupling within r

Y. Kuramoto, “Self-entrainment of a population of coupled non-linear
oscillators,” in Int. Symposium on Mathematical Problems in
Theoretical Physics. Springer Berlin / Heidelberg, 1975, vol. 39, pp.
420–422.
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7. Kuramoto oscillators

Dynamics Constraints Control 
parameter

Order parameter Extremities in 
dynamics

Coupled ODE Constrained 
phase; no noise

Coupling strength Synchronization Independent vs 
synchronised

R.V. Ceguerra, et al., “Information storage and transfer in the synchronization process in locally-connected networks”, in: IEEE ALIFE, p. 54-61, 2011

Storage Transfer

As per neural mass model (synch based transition):
• Transfer increases into the integrated regime - different
• Criticality balances access to strong storage and transfer dynamics - same
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Conclusion

– Edge of chaos provides maximisation of coherent intrinsic 
information operations in dynamics of many systems
– Could explain utility of critical regime.

– Information dynamics provides characterization:
– Ordered regime dominated by storage operations
– Transfer operations significant in chaotic regime

– Maximisation of pairwise transfer at the edge of chaos (rather 
than increase) is due to dynamics shifting to higher order 
(multivariate) transfer entropies
– Sync-type transitions do not have such dynamics
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Questions



The University of Sydney Page 32

• Verifies 2D phase transition results for RBNs (in fully random networks)
– Ordered phase dominated by information storage
– Chaotic phase dominated by information transfer
– Maximisations of AX on ordered side, TY→X on chaotic side.

Std dev δActive info Transfer entropy

γ = 1

Lizier et al, 2008

Dynamics driven

Topology driven

Ordered phase

Chaotic phase

2D RBNs information dynamics
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• Maximisation of coherent information transfer on chaotic side of small-world transition
– Similar result to random networks: too many interactions cannibalise coherent effect of one source on a 

destination

Std dev δActive info

〈K〉 = 4

Transfer entropy

Small world networks information dynamics


