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Relating network structure to dynamics

– Dynamics remains “much less well understood” 
than characterising structure alone.
– The problem is simply more diverse.

D. J. Watts and S. H. Strogatz, Nature 393, 440 (1998)
M. Mitchell, Artificial Intelligence 170, 1194 (2006).
A.-L. Barabsi, Science 325, 412 (2009).

– Ideally we need a common framework to 
understand the dynamic capabilities of 
various network structures.

– Specifically, we want to understand:
– the general dynamic properties of structure;
– how different dynamic processes relate to 

eachother.
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Pervasive talk of information processing on networks

– Language of computation and information processing pervades 
descriptions of time-series dynamics on networks.
– “Understanding the ways in which information spreads in networks is one 

of the most important open problems in science.” (Mitchell)
– Small-world networks balance local and global efficiency of information 

transport (Latora & Marchiori)

M. Mitchell, Artificial Intelligence 170, 1194 (2006).
V. Latora and M. Marchiori. Physical Review Letters, 87(19):198701, 2001.
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Relating network structure to dynamics through the 
lens of information processing

– Aim: To study analytically how structure gives rise to dynamics, 
through the lens of information processing properties
– Provide analytic results of how structure enables intrinsic capabilities
– Relate this to specific processes on networks, e.g. synchronization

Lizier JT, Pritam S, Prokopenko M. 2011 Information dynamics in small-world Boolean networks. Artificial Life 17, 293–314.
Lizier JT, Prokopenko M, Cornforth DJ. 2009, Proc. European Conf. on Complex Systems (ECCS), Warwick, UK, 21–25, p. 54.
R. V. Ceguerra, J. T. Lizier, and A. Y. Zomaya, in 2011 IEEE Symposium on Artificial Life (ALIFE) (IEEE, 2011) pp. 54–61.

– Measures of information storage and transfer are well-defined, 
meaningful, and can be studied on any type of time-series 
data.
– Information-theoretic: model-free, capture non-linear relationships.

– Have existing empirical results for small-worlds, hubs, sync …
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Relating structure to dynamics through the lens of 
information processing

1. J.T. Lizier, F. M. Atay, J. Jost, “Information storage, loop motifs and 
clustered structure in complex networks”, Physical Review E, vol. 86, no. 2, 
026110, 2012

2. L. Novelli, F.M. Atay, J. Jost, J.T. Lizier, “Deriving pairwise transfer 
entropy from network structure and motifs”, Proc. Royal Society A, 476: 
20190779, 2020 

3. J.T. Lizier, F. Bauer, F. M. Atay, J. Jost, “Analytic relationship of 
synchronization ability to network structure and motifs”, under submission.

4. J.T. Lizier, F. M. Atay, J. Jost, “Relating synchronizability with delays to 
network structure and motifs”, in preparation.
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Modelling information processing dynamics

– How can we model neural information processing dynamics?

Complex system as a multivariate time-series of states
e.g. fMRI, MEG, EEG, etc.

J.T. Lizier, “The local information dynamics of distributed computation in complex systems”, Springer: Berlin/Heidelberg, 2013
M. Wibral, J.T. Lizier and V. Priesemann, "Bits from Brains for Biologically-inspired Computing", Frontiers in Robotics and AI, vol. 2, 5, 2015

X
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yn zn

– It is the output of a local computation within the system
• Inputs, outputs, rules/algorithm, halt

– Model in terms of information storage and transfer
– Establishing an information-theoretic footprint

http://dx.doi.org/10.3389/frobt.2015.00005


The University of Sydney Page 7

Information storage

 

 

J.T. Lizier, M. Prokopenko, A.Y. Zomaya, “Detecting Non-trivial Computation in Complex Dynamics”, Proc. ECAL, pp. 895-904 (2007).
J.T. Lizier, M. Prokopenko, & A.Y. Zomaya, “Local measures of information storage in complex distributed computation”, Information Sciences 208, 39 (2012)
Obst, O., Boedecker, J., Schmidt, B., and Asada, M. (2013), “On active information storage in input-driven systems”, arXiv:1303.5526
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Information transfer

 

 

T. Schreiber, “Measuring Information Transfer”, Physical Review Letters, 85(2), pp. 461-4, 2000.
Bossomaier T, Barnett L, Harré M, Lizier JT. 2016 “An introduction to transfer entropy”. Cham, Switzerland: Springer
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Analytic approach: Vector autoregressive dynamics (VAR)

– Determine analytic results from the weakly-coupled non-linear 
regime

Connectivity matrix
Gaussian noise

(normal)

Directed, weighted

Y
BX

A

Z

CYX

Barnett L, Buckley CL, Bullock S. “Neural complexity and structural connectivity”. Phys. Rev. E 79, 051914, 2009

– Key mathematical tools:
– Information measures can be computed from covariance matrices

– Network covariance matrices can be computed analytically:
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Information storage: approach
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Information storage: key results

– Information storage is dominated by two types of process motifs:

Low order approx.

Directed feedback cycles Feedforward loop motifs

J.T. Lizier, F. M. Atay, J. Jost, “Information storage, loop motifs and clustered structure in complex networks”, Physical Review E, vol. 86, 
no. 2, 026110, 2012
A. C. Schwarze and M. A. Porter, “Motifs for Processes on Networks”, SIAM J. App. Dyn. Sys., 20(4), 10.1137/20M1361602, 2021

1. Directed cycles or feedback loops

      2.     Feedforward motifs.

– They implement distributed info storage in different ways!
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Information storage: key results

– Positive edge weights → info storage positively correlated to motif counts.
– Explains earlier evidence for role of loops in information storage
– Suggests a computational reason for the relative abundance of such motifs 

in mammalian cortex and GRNs
– Suggests that a general dynamical role of clustered structure is information 

storage

Low order approx.

Directed feedback cycles Feedforward loop motifs

J.T. Lizier, F. M. Atay, J. Jost, “Information storage, loop motifs and clustered structure in complex networks”, Physical Review E, vol. 
86, no. 2, 026110, 2012
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Information storage: in small world networks

– Dynamically: small-worlds retain storage property of regular nets
– Same trend as for random Boolean dynamics
– Explains half the dynamic computational role of small-world networks.

Watts-Strogatz ring network, K=4, 
randomised with prob γ, equal link 
weights 0.5/K where links exist. 
Empirical measurement with k=30. 
Measures and estimates taken for each 
node, then averaged across network, 
and averaged again over 10 network 
realisations.

Regular nets Small-world 
nets

Random 
nets

Randomness
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Information transfer: approach
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Information transfer: key results

Direct link In-degree effect

L. Novelli, F.M. Atay, J. Jost, J.T. Lizier, “Deriving pairwise transfer entropy from network structure and motifs”, Proc. Royal Society 
A, 476: 20190779, 2020 
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Information transfer: in-degree effect

– Importance of network effects beyond direct link
– Degree effects observed in many empirical studies

VAR dynamics on scale-free networks Random Boolean dynamics

– Implications for network inference
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Information transfer: clustered motifs effect

– Transfer enhanced through reinforcement 
effect

Clustered motifs

VAR dynamics on small-world networks

L. Novelli, J.T. Lizier, “Inferring network properties from time series using transfer entropy and mutual information: Validation of 
multivariate versus bivariate approaches”, Network Neuroscience, 5(2):373, 2021

– Implications: within module inference is easier 
but more prone to false positives
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Synchronisation

– Synchronisation is a self-organising phenomenon in complex 
systems, where interacting oscillators mutually entrain.
– Important because of wide-range of systems it is studied in: fire-flies, 

pacemaker cells in heart, sensor networks, quantum synchrony, 
neuroscience: epilepsy, binding by synchrony, etc.
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Synchronisation

–  

Discrete (VAR) Continuous (Ornstein-Uhlenbeck)

Dynamics

Sync condition |λ| < 1 Re(λ) < 1

Synchronizability 
increases with: λmin/λmax of L λmax of C

Except  ψ0

But – we can’t systematically relate quality of sync to structure.

Atay et al., 2004
Atay & Biyikoglu 2005
Li & Chen, 2003
Jost & Joy, 2001
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Synchronizability and network structure

– Regular and small-world networks are less synchronizable 
(Atay et al., 2004);

– Full connectivity increases synchronizability, partionability 
decreases the closer the network becomes to bipartite (Atay 
and Karabacak, 2006)

– Relative synchronizability of various motifs in isolation (Moreno 
Vega et al., 2004)

– ...
– Synchronizability decreases with the spread of the eigenvalues 

(Korniss, 2007).
– Synchronizability increases with information transfer (Ceguerra 

et al., 2011).
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Measuring synchronisability from network structure

 

Barnett L, Buckley CL, Bullock S. “Neural complexity and structural connectivity”. Phys. Rev. E 79, 051914, 2009

Discrete (VAR) Continuous (Ornstein-Uhlenbeck)

Dynamics

Solution for 𝛀
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Deviation from sync for continuous time

Weighted dual-walk counts

J.T. Lizier, F. Bauer, F. M. Atay, J. Jost, “Analytic relationship of synchronization ability to network structure and motifs”, 
under submission

– <σ2> asks if weighted walks 
of length m-u from k, which 
has a (non-zero weighted) 
walk count k→i of length u, 
preferentially end at node i.

– Bad for sync to have weighted 
count of closed walks as a 
high proportion of such dual 
walks
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Deviation from sync for discrete time

Weighted dual-walk counts

J.T. Lizier, F. Bauer, F. M. Atay, J. Jost, “Analytic relationship of synchronization ability to network structure and motifs”, 
under submission

– <σ2> asks if weighted walks 
of length u from k, which has a 
(non-zero weighted) walk 
count k→i of length u, 
preferentially end at node i.

– Bad for sync to have weighted 
count of closed walks as a 
high proportion of such dual 
walks (of same length)
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Sync discussion

– Why are high proportions of closed walk motifs detrimental to 
sync?
– They introduce reinforcement of noise
– They store traces of dynamics in one part of the network only
– In contrast to other dual-walks, they hinder dissemination or transfer of 

perturbations.

– These are information storage motifs!!
– Sync dynamics as another reason for these motifs’ prevalence
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Sync: insights

– Explains why small-world 
and regular networks are 
less synchronisable

d=4, p randomises source of edges,
Cii=0.5, Cij=0.5/d for i≠j

– Same for symmetric networks
– Stronger contribution of 

shorter motifs - but all 
required

– Caveats: about proportions, 
and be careful with negative 
weights

– Better than heuristics based on 
eigenspectrum
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Sync: insights

– Better than heuristics 
based on eigenspectrum

– First result not requiring symmetric or diagonalisable network
– First systematic result relating network structure to sync

d=4, p=0.001,
Cii=1-c, Cij=c/d for i≠j

– Can also interpret in terms of 
difference between auto- and 
cross-covariance
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Summary

– Relating network structure to dynamics has remained poorly 
understood

– We’ve added insights from an information processing 
perspective:
– Storage is dominated by feedback and feedforward loop motifs.
– Transfer is related to in-degrees and reinforcing clustered motifs.
– Has implications for e.g. brain network inference

– Using same maths, we provided first systematic characterization 
of how sync relates to network structure
– Including specific roles of process motifs
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Questions


